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(N 

o 

■ Let F denote a field, and fix a nonzero q E F such that q 4 ^ 1. The universal Askey- 

. Wilson algebra A q is the associative F-algebra defined by generators and relations in 

the following way. The generators are A, B, C. The relations assert that each of 

qBC-q- l CB qCA - q^AC qAB - q~ x BA 

q z — q~ z q z — q~ z q z — "~- 

is central in A q . The universal DAHA H q of type {C±, C\) is the associative F-algebra 
defined by generators {i f }|_ and relations (i) tji" 1 = i^t* = 1; (ii) ti H- is central; 
(iii) io^i^2^3 = We display an injection of F-algebras if) : A q — > H q that sends 



A ^ txt + (ht )- L , B^t 3 t + (t 3 to)- L , C t 2 t + (*2*o) • 

For the map ^ we compute the image of the three central elements mentioned above. 
! The algebra A q has another central element of interest, called the Casimir element fi. 

We compute the image of under if). We describe how the Artin braid group B% acts 
^-j- ■ on A q and H q as a group of automorphisms. We show that ip commutes with these -B3 

! actions. Some related results are obtained. 

o: 
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^3; 1 Introduction 

The Askey- Wilson polynomials were introduced in [2] and soon became a major topic in 
special functions [6l|9] . This topic became linked to representation theory through the work of 
A. Zhedanov [19]. In that article Zhedanov introduced the Askey- Wilson algebra AW(3), and 
showed that its "ladder" representations give the Askey- Wilson polynomials. The algebra 
AW(3) is noncommutative and infinite-dimensional. It is defined by generators and relations. 
The relations involve a scalar parameter q and a handful of extra scalar parameters. The 
number of extra parameters ranges from 3 to 7 depending on which normalization is used [T2| 
Line (6.1)], [18] Section 4.3], [TO Theorem 1.5], [HI lines (l.la)-(l.lc)]. In [15] we introduced 
a central extension of AW(3), denoted A q and called the universal Askey- Wilson algebra. Up 
to normalization A q is obtained from AW(3) by interpreting the extra parameters as central 
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elements in the algebra. By construction A q has no scalar parameters besides q, and there 
is a surjective algebra homomorphism A q — > AW(3). One advantage of A^ over AW(3) is 
that Aq has a larger automorphism group. Our definition of A q was inspired by [7J Section 
3], which in turn was motivated by [3]. 

In [T5J we began a comprehensive investigation of A q . In that paper we focused on its 
ring-theoretic aspects, and in a followup paper [16] we related A q to the quantum algebra 
U q {sii). In the present paper we relate A q to the universal DAHA of type (C^,Ci) [7J. 
Broadly speaking, the results in the paper amount to a universal analog of the results of 
Koornwinder pHE] which relate AW(3) to the DAHA of type (C%, C x ). We view PSJE] as 
groundbreaking and the main inspiration for the present paper. 

We will describe our results after we summarize the contents of |15|, |16|. 



Our conventions for the paper are as follows. An algebra is meant to be associative and 
have a 1. A subalgebra has the same 1 as the parent algebra. Fix a field F. All unadorned 
tensor products are meant to be over F. We fix a nonzero q G F such that q 4 ^ 1. Recall 
the natural numbers N = {0, 1, 2 . . .} and integers Z = {0, ±1, ±2 . . .}. 

The universal Askey- Wilson algebra A q is the F-algebra defined by generators and relations 
in the following way. The generators are A, B, C . The relations assert that each of 

, qBC-q- x CB n qCA-q^AC „ qAB-q^BA 

A + l , B + l — > c+1 — r^~2 — 1 

q z — q z q z — q z q z — q z 

is central in A q . For the central elements (CD) multiply each by q + q" 1 to get a, f3, 7. 
In [15] we obtained the following results about A q . We gave an alternate presentation 
for A q by generators and relations; the generators are A, B, 7. We gave a faithful action 
of the modular group PSL^Z) on A q as a group of automorphisms; one generator sends 
(A,B,C) I—)- (B,C,A) and another generator sends (A, B,j) i-» (B, A, 7). We showed that 
{A l B^C k a r /3 s 7*|i, j, k,r, s,t G N} is a basis for the F- vector space A q . We showed that the 
center Z(A q ) contains a Casimir element 

Q = q- x ACB + q- 2 A 2 + q~ 2 B 2 + q 2 C 2 - q^Aa - q- l Bf3 - qCj. 

Under the assumption that q is not a root of unity, we showed that Z(A q ) is generated by 
Q, a, /3,7 and that Z(A q ) is isomorphic to a polynomial algebra in four variables. 

In [16] we relate A q to the quantum algebra t/ g (sl 2 ). To describe this relationship we use the 
equitable presentation for f/ g (sl 2 ) which was introduced in [S]. This equitable presentation 
has generators x, y ±l , z and relations yy~ l = y~ l y = 1, 

qxy — q~ 1 yx qyz — q~ x zy qzx — q~ l xz 

q — q q — q q — q 

Let a,b,c denote mutually commuting indeterminates. Let F[a ±:L , 6 ±:L , c ±:L ] denote the F- 
algebra of Laurent polynomials in a, b, c that have all coefficients in F. In [161 Theo- 
rems 2.16, 2.18] we displayed an injection of F-algebras t| : A q — > U q (sl2) <%> F[a ±:l , 6 ±:L , c ±l ] 
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that sends 



i xy — yx , i 
A h-> x®a + y®a L + — — — ® be \ 

g-g 1 

£ i-)> ^05 + 2® + f®ca , 

9-9 

C h> 2 (g) c + x <g> c" 1 H r (g)a6 _1 . 



The map t| sends 



a H> A® (a + a -1 ) + 1 <g> + 6 _1 )(c + cT 1 ), 
H> A® + + 1 ® (c + c^Xa + a -1 ), 
7 H> A® (c + c -1 ) + l® (a + tr^ft + fe -1 ), 

where A = gx + g _1 y + gz — gxyz is the normalized Casimir element of L^sk) [El Section 
2]. In [T6j Theorem 2.17] we showed that \ sends Q to 

1 ® (g + g" 1 ) 2 - A 2 <8) 1 - 1 ® (a + a" 1 ) 2 - 1 ® (6 + r 1 ) 2 - 1 ® (c + (T 1 ) 2 

-A®(a + a- 1 )(& + r 1 )(c + c- 1 ). 

We now summarize the present paper. We first show that the following is a basis for the 
F- vector space A 9 : 

A i C j B k tfaTp a 'y t j e {0, 1} i, k, £, r,s,te N. (2) 

This basis plays a role in our main topic, which is about how A q is related to the universal 
DAHA H q of type (C± , C\). The algebra H q is a variation on an algebra H introduced in [TJ. 
By definition H q is the F-algebra with generators {tf 1 }^ and relations (i) t{tj l = t~ l ti = 1; 
(ii) + is central; (iii) io^iMs = g _1 - We display an injection of F-algebras ip : A g — > H q 
that sends 

A \-> txt + (Mo) -1 , B^t 3 t + (t 3 t )-\ C ^hto + ihto)- 1 . 
The map ip sends 

a ^ {q-Ho + qt^^+t^ + itz + t^ih + tz 1 ), 

P >-> (g^o + ^o 1 )fe + t3 1 ) + (^i + ^ 1 )fe + t 2 ~ 1 ), 

7 ^ (5"H + gto 1 )(*2+t2 1 ) + (*3+*3 1 )(*l+*r 1 )- 

We show that ip sends Q to 

(q + q- 1 ? ~ (q-% + qt l f - (k + t^f - (t 2 + t 2 'f - (t 3 + t 3 l f 
- (q-% + g*o + tr 1 )^ + ^a 1 )^ + ^ 

We remark that for the above results some parts are easier to prove than others. It is 
relatively easy to show that ip exists as an algebra homomorphism. Indeed this existence 
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essentially follows from [7, Theorem 5.2], although in our formal argument we take another 
approach which quickly yields the result from first principles. We found it relatively hard 
to show that ip is injective; indeed this argument takes up the majority of the paper. To 
establish injectivity we display a basis for H q , and use it to show that ip sends the basis (j2J) to 
a linearly independent set. Adapting Theorem 2.6], [7J Lemma 4.2] we show how the Artin 
braid group B% acts on H q as a group of automorphisms. The group B% is a homomorphic 
preimage of PSL 2 (Z), and we mentioned earlier that PSL 2 (Z) acts on A q as a group of 
automorphisms. Pulling back this PSL 2 (Z) action we get a B 3 action on A q as a group of 
automorphisms. We show that ip commutes with the B% actions for A q and H q . Now consider 
the image of A q under ip. We show that the subalgebra {h e H q \t h = ht } is generated by 
this image together with t and {i, + t~ 1 }f =1 . For this subalgebra we give a presentation by 
generators and relations. This presentation amounts to a g-analog of (131 Theorem 2.1] and 
a universal analog of [101 Corollary 6.3], [11, Theorem 5.1]. Under the assumption that q 
is not a root of unity, we show that Z(H q ) is generated by {tj + t, rl }?=o anc ^ that Z(H q ) is 
isomorphic to a polynomial algebra in four variables. 

The paper is organized as follows. In Section 2, after reviewing A q we obtain a basis for this 
algebra that will be useful. In Section 3 we define H q and discuss its symmetries. In Section 
4 we state five theorems which describe an injection ip : A q — > H q ; these are Theorems 14.11 - 
14.51 In Section 5 we establish some identities in H q that will be used repeatedly. In Section 
6 we prove Theorems I4.1[ 14. 2[ 14.31 In Section 7 we display a basis for H q , along with some 
reduction rules that show how to write any given element of H q in the basis. Sections 8, 9 
are devoted to proving Theorem 14.41 Sections 10-12 are devoted to proving Theorem 14.51 
In Section 13 we consider the image of A q under the map ip. We show that the subalgebra 
{h E H q \t h = hto] is generated by this image together with to and {U + t~ 1 }f =1 . In Section 
14 we give a presentation for this subalgebra by generators and relations. In Section 15 we 
describe Z(H q ). 



2 The universal Askey- Wilson algebra 

We now begin our formal argument. In this section we discuss the universal Askey- Wilson 
algebra. After reviewing its basic features we establish a basis for the algebra that will be 
useful later in the paper. 

Definition 2.1 [T5| Definition 1.2]. Define an F-algebra A q by generators and relations in 
the following way. The generators are A, B, C . The relations assert that each of 

qBC-qrHJB qCA-q^AC qAB-q^BA 

A ^ 2 =2 ' B ^ 2 =2 ' GH 2 =2 W 

qz _ g z qz _ q z qz _ q z 

is central in A q . The algebra A q is called the universal Askey-Wilson algebra. 
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Definition 2.2 [151 Definition 1.3]. For the three central elements in fl3]), multiply each by 
q + q~ l to get a, (3, 7. Thus 



A + 
B + 
C + 



qBC 


- q~ 


1 CB 


a 


q 2 


-q' 


-2 


q + q^ 1 


qCA 


- q~ 


- l AC 


P 


q 2 


-Q~ 


-2 


q + q^ 1 


qAB 


- <r 


1 BA 


7 


q 2 


- q~ 


-2 


q + q^ 1 



(4) 
(5) 
(6) 



Note that each of a, (3, 7 is central in A q . Note also that A, B, 7 is a generating set for A q . 

We now discuss some automorphisms of A q . Recall that the modular group PSL^Z) has a 
presentation by generators p, s and relations p 3 = 1, s 2 = 1. See for example pp. 

Lemma 2.3 [T5l Theorem 3.1]. The group PSL^Z) acts on A q as a group of automor- 
phisms in the following way: 



u 


A 


B 


C 


a 


(3 


7 


p(u) 


B 


C 


A 




7 


a 


s(u) 


B 


A 


C + AB—BA 


(3 


a 


7 



The group PSL 2 (Z) has a central extension called the Artin braid group B 3 . The group B 3 
is defined as follows. 

Definition 2.4 The Artin braid group B 3 is defined by generators p, a and relations p 3 = a 2 . 
For notational convenience define r = p 3 = a 2 . 

There exists a group homomorphism B 3 — > PSL 2 (Z) that sends p 1— )■ p and a h-> s. Via this 
homomorphism we pull back the PSL 2 (Z) action on A q , to get a B 3 action on A q as a group 
of automorphisms. This action is described as follows. 

Lemma 2.5 The group B 3 acts on A q as a group of automorphisms such that r(h) = h for 
all h G A q and p, a do the following: 



u 


A 


B 


C 


a 


P 


7 


p{u) 


B 


C 


A 




7 


a 


a{u) 


B 


A 


C+ AB-BA 
q-q- 1 





a 
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In Definition 12.21 we defined the central elements a, /3,7 of A q . There is another central 
element of interest, called the Casimir element Q. This element is defined as follows. 



Definition 2.6 [151 Lemma 6.1]. Define an element Q G A q by 

Q = q~ l ACB + q~ 2 A 2 + q- 2 B 2 + q 2 C 2 - q^Aa - q- l Bf3 - qCj. 



(7) 



We call f2 the Casimir element of A q . 
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Lemma 2.7 [15, Theorems 6.2, 8.2]. The Casimir element Q is contained in the center 
Z(A q ). Moreover {f2*a r /3 s 7* \i, r, s, t G N} is a basis for the F-vector space Z(A q ), provided 
that q is not a root of unity. 

Lemma 2.8 [T5J, Theorem 6.4]. The Casimir element Q is fixed by everything in B$. 

Given an F-algebra A, by an antiautomorphism of A we mean an F-linear bijection ( : A — > A 
such that (uvY = v^vt for all u, v 6 A. 

Lemma 2.9 There exists an antiautomorphism f of A q that sends 

B, B ^ A, C h)> C, ol i — y /?, /3 h->> a, 7^7. 
Moreover f 2 = 1 . 

Proof: Routine using (jlj)-®. □ 

Lemma 2.10 T/ie Casimir element Q is fixed by the antiautomorphism f from Lemma \2.9\ . 
Proof: This follows from [TBI Lemma 6.1]. □ 

We mention how A q and A q -x are related. 

Lemma 2.11 There exists an isomorphism of F-algebras £ : A q — y A q -i that sends 

B, B h-» A, C h+C, a4ft 7^7. 
Proof: Routine using (JI])-®- n 

Lemma 2.12 The isomorphism £ : A g — > A ? -i /rom Lemma \2.11\ sends the Casimir element 
of A q to the Casimir element of A q -i . 

Proof: This follows from [151 Lemma 6.1]. □ 

We are going to display a basis for the F-vector space A q . Two such bases can be found 
in [TSJ, Theorems 4.1, 7.5], but these are not suited for our present purpose. To obtain a 
suitable basis we work with the following presentation of A q . 

Proposition 2.13 The ¥ -algebra A q is presented by generators and relations in the follow- 
ing way. The generators are A, B, C, O, a, /3, 7. The relations assert that each of£l,a,fl, 7 
is central and 

BA = q 2 AB + q(q 2 -q~ 2 )C -qiq-q-'h, 

BC = q- 2 CB-q-\q 2 -q~ 2 )A + q~\q-q^)a, 

CA = q- 2 AC-q- l (q 2 -q- 2 )B + q- l (q-q- 1 )P, 

C 2 = q~ 2 Q - q- 3 ACB - q^A 2 - q^B 2 + q~ 3 Aa + q~ 3 BP + q^Cj. 
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Proof: Referring to the above four equations, the first three are reformulations of (SJ) — (JSJ) 
and the fourth is a reformulation of (j7]). □ 



Definition 2.14 The generators A, B, C, Q, a, (3, 7 of A q are called balanced. 

Note 2.15 Referring to the presentation of A q from Proposition 12.131 consider the relations 
which assert that ft, a, (3, 7 are central. These relations can be expressed as 



nA = 


An, 


QB 


= BQ, 


nc = cn, 


aA = 


Aa, 


aB ■ 


= Ba, 


aC = Ca, 


0A = 


A(3, 


f3B : 


= B(3, 


(3C = C(3, 


7 A = 


Aj, 


75 = 


= 5 7 , 


lC = Cj, 


a n = 


fla, 


f3Q -- 


= n/3, 


7^ = 


(3a = 


a/3, 


■ya = 


■■ a<y, 


7/3 = /3 7 . 



Definition 2.16 By a reduction rule for A q we mean an equation which appears in Propo- 
sition 12.131 or Note 12.151 A reduction rule from Proposition 12.131 is said to be of the first 
kind. A reduction rule from Note 12.151 is said to be of the second kind. 

Definition 2.17 For an integer n > 0, by a word of length n in A q we mean a product 
9i92 • • ■ 9n such that gi is a balanced generator of A q for 1 < i < n. We interpret the word of 
length as the multiplicative identity in A q . A word is called forbidden whenever it is the 
left-hand side of a reduction rule. Every forbidden word has length two. A forbidden word 
is said to be of the first kind (resp. second kind) whenever the corresponding reduction rule 
is of the first (resp. second) kind. 

Definition 2.18 Let w denote a forbidden word in A q , and consider the corresponding 
reduction rule. By a descendent of w we mean a word that appears on the right-hand side 
of that reduction rule. 

Example 2.19 The descendents of BA are AB, C, 7. The descendents of BC are CB, A, 
a. The descendents of CA are AC, B, j3. The descendents of C 2 are Q, ACB, A 2 , B 2 , 
Aa, B(3, Cj. A forbidden word of the second kind has a single descendent, obtained by 
interchanging its two factors. 

Theorem 2.20 The following is a basis for the ¥ -vector space A q : 

A i C 3 B k ^a r f3 s 1 t j e {0, 1} i, k, i, r,s,te N. (8) 

Proof: We invoke Bergman's Diamond Lemma [3l Theorem 1.2]. Let g\gi---Qn denote a 
word in A q . This word is called reducible whenever there exists an integer i (2 < i < n) 
such that gi-igi is forbidden. The word is called irreducible whenever it is not reducible. 
The list ([H]) consists of the irreducible words in A q . Let w = g\g 2 ■ ■ ■ g n denote a word in 
Aq. By an inversion in w we mean an ordered pair of integers (i,j) such that 1 < i < j < n 
and the word g^gj is forbidden. The inversion {i, j) is of the first kind (resp. second kind) 
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whenever the forbidden word gigj is of the first kind (resp. second kind). Let W denote 
the set of all words in A q . We define a partial order < on W as follows. Pick any words 
w, w' in W and write w = g\g% ■ ■ ■ g n . We say that w dominates w' whenever there exists 
an integer % (2 < i < n) such that (i — 1, i) is an inversion for w, and w' is obtained 
from w by replacing g^igi by one of its descendents. In this case either (i) w has more 
inversions of the first kind than w', or (ii) w and w' have the same number of inversions of 
the first kind, but w has more inversions of the second kind than w'. By these comments the 
transitive closure of the domination relation on W is a partial order on W which we denote 
by <. By construction < is a semigroup partial order [HI p. 181] and satisfies the descending 
chain condition [HI p. 179]. We now relate the partial order < to our reduction rules. Let 
w = g\gi ■ ■ ■ g n denote a reducible word in A q . Then there exists an integer i (2 < i < n) such 
that gi-igi is forbidden. There exists a reduction rule with gi-\gi on the left-hand side; in w 
we eliminate gi-igi using this reduction rule and thereby express w as a linear combination of 
words, each less than w with respect to <. Therefore the reduction rules are compatible with 
< in the sense of Bergman [HI p. 181]. In order to employ the Diamond Lemma, we must show 
that the ambiguities are resolvable in the sense of Bergman [HI p. 181]. There are potentially 
two kinds of ambiguities; inclusion ambiguities and overlap ambiguities [HI p. 181]. For the 
present example there are no inclusion ambiguities. The nontrivial overlap ambiguities are 

BCA, BC 2 , C 2 A. (9) 

Take for example BCA. The words BC and CA are forbidden. Therefore BCA can be 
reduced in two ways; we could evaluate BC first or we could evaluate CA first. Either way, 
after a 4-step reduction we get the same resolution, which is 

q-\q 2 - q- 2 )tt + q~ 6 ACB - q~\q A - q~ A )A 2 - q~\q A - q~ A )B 2 

+ q'Hl 3 ~ q' 3 )Aa + q- 3 (q 3 - q- 3 )Bf3 + q~\q - q'^Cj. 

Therefore the ambiguity BCA is resolvable. The ambiguities BC 2 and C 2 A are similarly 
shown to be resolvable. The resolution of BC 2 is 

q- 6 Btt - q- 7 ACB 2 - q- % A 2 B - q~ 8 B 3 + q~ 7 ABa + q- 7 B 2 /3 + q~ 5 CB-f 

- <T 3 0? 4 " q~ 4 )AC + q- 2 (q 2 - q~ 2 )Ca + q~\q 2 - q~ 2 ) 2 B - q~\q - q- l ){q 2 - q~ 2 )(5 

and the resolution of C 2 A is 

q-^Att - q- 7 A 2 CB - q- 8 AB 2 - q~ 8 A 3 + q~ 7 A 2 a + q~ 7 ABf3 + q- 5 AC-f 

~ q~\q A - q~ 4 )CB + q~ 2 (q 2 - q~ 2 )Cf3 + q~\q 2 - q~ 2 ) 2 A - q~\q - q- l ){q 2 - <T>. 

We conclude that every ambiguity is resolvable, so by the Diamond Lemma [Hi Theorem 1.2] 
the irreducible words form a basis for A q . The result follows. □ 

3 The universal DAHA H q type (C v , d) 

The double affine Hecke algebra (DAHA) for a reduced root system was defined by Chered- 
nik [3], and the definition was extended to include nonreduced root systems by Sahi [Tj[j. 
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The most general DAHA of rank 1 is associated with the root system (C^,Ci). In [7j we 
introduced a central extension of this algebra called the universal DAHA of type (C^,Ci). 
In the present paper we will work with a variation on this algebra. 

For notational convenience define a four element set 

I = {0,1, 2, 3}. 

The following definition is a variation on [7J Definition 3.1]. 

Definition 3.1 Let H q denote the F-algebra defined by generators {tf 1 }^ and relations 

Ut; 1 = tjHi = 1 i e I, 

U + t~ l is central i G I, (10) 

totltlH — Q ■ 

We call H q the universal DAHA of type (C% , Ci). 

Remark 3.2 In Definition 3.1] we defined an F-algebra H by generators {tf l }i & i and 
relations (i) Ut^ 1 = t^U = 1; (ii) U + 1^ 1 is central; (iii) toM2^3 is central. The algebra H q 
is a homomorphic image of H . 

The following two lemmas are immediate from Definition 13.11 

Lemma 3.3 In the algebra H q the scalar q" 1 is equal to each of the following: 

^0^1^2^3; ^1^2^0) ^2^3^0^1) t 3 totit 2 . (H) 

Lemma 3.4 There exists an automorphism of H q that sends to h-> ti i— >■ ti i— >■ £3 1— >■ to- 
Recall the braid group .83 from Definition 12.41 

Lemma 3.5 The group B 3 acts on H q as a group of automorphisms such that r(h) = t^hto 
for all h G H q and p, a do the following: 



h 


to 


tl 


t 2 t 3 


p{h) 


to 


to t 3 t 


ti h 


a{h) 


to 


to t 3 t 


tlt 2 t l tl 



Proof: This is routinely checked, or see [7J Lemma 4.2]. □ 

Lemma 3.6 The B 3 action on H q does the following to the central elements ({TO]) . The 
generator r fixes every central element. The generators p, a satisfy the table below. 



h 


to 


+ to l 


tl 


+tl 1 


t 2 


+ t 2 - 1 


t 3 


+ t 3 1 


p(h) 


to 




h 


+ t 3 1 


tl 




h 




a{h) 


to 


+t - 1 


h 


+ t- 1 


t 2 


+ t 2 1 


ti 
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Proof: Use line f lTUj) and Lemma 13.51 



□ 



Lemma 3.7 There exists a unique antiautomorphism f of H q that sends 
t \-H , h^t 3 , t 2 ^t 2 , t 3 ^t 1 . 

Moreover f 2 = 1 . 

Proof: Use Definition 13. 11 □ 
Lemma 3.8 There exists a unique isomorphism ofW-algebras £ : H q — > H q -\ that sends 

t 1— >■ t 1 , u h-> tg 1 , t 2 h> t^ 1 , t 3 >->■ ^r 1 - 

Proof: Use Definition 13. 1[ □ 



4 How A g is related to H q 

In this section we state five theorems concerning how A q is related to H q . The proofs of 
these theorems will take up most of the rest of the paper. 

Theorem 4.1 There exists a unique F-algebra homomorphism ip : A q — > H q that sends 



C H> t 2 t + (t 2 t c 



A^txto + ihto) \ B^t 3 t + (t 3 t 

The homomorphism ip sends 

a H- (q-Ho + qt^ih+t^ + ih + t^ih + t^) 
(5 h-> ( q -H + qt l )(t 3 + t^ 1 ) + + t^ l )(t 2 + t 2 l ) 
7 M- (q^to + qto^ih + t^ + its + t^itx + t^ 1 ) 

Theorem 4.2 For all g G B 3 the following diagram commutes: 



A„ 



Theorem 4.3 T/ie following diagrams commute: 



A„ 



A„ 



if, 



A 



Theorem 4.4 Under the homomorphism ip from Theorem \4-l the image of Q 



IS 



(q + q- 1 ? ~ (q-% + qt 1 ) 2 - (h + t^) 2 - (t 2 + t 2 l f - (t 8 + t^f 

- (q~% + qt^Kh + t^)(t 2 + t^)(t 3 + 1^ 1 ). 

Theorem 4.5 The homomorphism ip from Theorem \4-l is injective. 



(12) 
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5 Preliminaries concerning H q 

In this section we establish some basic facts about H q . These facts will used repeatedly for 
the rest of the paper. 

Definition 5.1 For the algebra H q define 

T i =t i + t; 1 i El. (13) 

Note that each T, is central in H q . 

In Definition [XT] we gave a presentation for H q involving the generators {t^ 1 }^. Sometimes 
it is convenient to use {Ti} ie i instead of {t7 }isi- m terms of the generators {U}i e i, {T} ie i 
the algebra H q looks as follows. 

Lemma 5.2 The F-algebra H q has a presentation by generators {tj} ie i, {Tj} ien and relations 

A = m-l i € I, 

Tj is central i £ I, 

^1^3 — Q ■ 

Definition 5.3 Let X, Y denote the following elements of H q \ 

X = t 3 t , Y = t t 1 . (14) 

Note that each of X, Y is invertible. 
Lemma 5.4 For the algebra H q , 

h = t % t 2 = q- l Y-\X-\ t 3 = Xt \ (15) 

Moreover H q is generated by X^, Y^, t^ 1 . 

Proof: The relations (1151) are routinely checked using Definition 13.11 and (114j) . □ 

In terms of the generators X ±x , Y ±x , t^ 1 the {Tj} ig i look as follows. 
Lemma 5.5 For the algebra H q the following (i)-(iv) hold. 

(i) T = t + to 1 - 

(ii) T\ is equal to each of 

t^Y + Y-%, Yt^+toY- 1 . 

(iii) T 2 is equal to each of 

qt^YX + q-'X-'Y-Ho, qXt^Y + q^^X' 1 , 

qYXtv 1 + q-HoX^Y- 1 . 
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(iv) T 3 is equal to each of 

t 1 X + X Hq, Xt Q l -\- t$X x . 

Proof: (i) Clear. 

(ii) Using the equation on the left in (Jl5j) . 

Ti = h + tr 1 = ^ X Y + Y~H . 

Also 

7\ = YT X Y- X = Y{t^Y + Y-H^Y- 1 = Yt 1 + toY" 1 . 
(hi) Using the middle equation in (Jl5|) . 

T 2 = t^ 1 + t 2 = gJO^Y + g-^-^oX- 1 . 

Also 

T 2 = X~ X T 2 X = X-\qXt l Y + ^Y-HoX- 1 )^ = qt l YX + g^X^Y-Ho 

and 

T 2 = YT 2 Y~ X = Y(gXt l Y + g^Y^X- 1 ^- 1 = gYXt 1 + q-HoX^Y' 1 . 
(iv) Similar to the proof of (ii) above. □ 

In Section 3 we discussed some automorphisms and antiautomorphisms of H q . We now 
consider how these maps act on X, Y. The following four lemmas are routinely checked. 



Lemma 5.6 Consider the automorphism of H q from Lemma 3.4 ■ This automorphism sends 

1474 q^X- 1 ^ q- x Y- x ^ X. 

Lemma 5.7 Consider the automorphisms p,o~ of H q from Lemma \3. 51 The automorhism p 
sends 

X ^ q- x Y- x t X- x t , Y ^ X. 

The automorphism a sends 

X ^ t" x Yt Q , Y ^ X. 



Lemma 5.8 Recall the antiautomorphism f of H q from Lemma 3.7 This map swaps X, Y . 



Lemma 5.9 Recall the isomorphism £ : H q — > H q -i from Lemma \3.8\ This map sends 
X ^ Y- 1 and Y ^ X~ x . 

We now give some relations that show how t commutes past the X ±x , Y ±x . 
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Lemma 5.10 The following relations hold in H q : 



t X = X-% + XT -T 3 , (16) 

toX- 1 = Xt -XT + T 3 , (17) 

t Y = Y-Ho + YTo-n, (18) 

toY- 1 = Yto-YTo + Tx. (19) 



Proof: To obtain ffTBT) . f|T7|) replace t 1 by T — t i n Lemma loToT iv). To obtain ffTB"]) . ffT9l 

replace tg 1 by T — t in Lemma l575T ii). □ 

We now consider how X, Y are related. 

Lemma 5.11 The following relations hold in H q : 

to t 2 = q-H, 1 ^ - q- l YX~\ t H 2 l = qhT 3 - qX~ l Y, (20) 

tih = q-VT 2 - q- 2 X~ l Y-\ t^t, 1 = qt 2 T - Y~ x X~ l , (21) 

t 2 to = q-H?T 3 - q-'Y^X, t~ V = qt 3 T x - qXY~\ (22) 

*3*i = q'VTo - XY, t 3 \ l = qt T 2 - q 2 YX. (23) 



Proof: Concerning line (120]) . the equation on the left comes from 

q-'YX- 1 = t tlt 2 = toiTtfi - l)t 2 = q-H, 1 ^ - t t 2 . 

The equation on the right comes from 

qX- l Y = t H 3 H 2 l = t \T 3 t 3 1 - l)t 2 1 = qt x T 3 - t H 2 \ 

To obtain fT2Tl) - (!23|) . repeatedly apply the automorphism from Lemma [3.41 to everything in 
(|20|) , and use Lemma 15.61 □ 



Definition 5.12 Let {Cj}j e i denote the following elements in H q 



C = q{qYX-q- l XY) 

d = -(q^YX- 1 - qX~ x Y) 

C 2 = q-^qY-'X- 1 -q-'X-'Y- 1 ) 

C, = 



(q- L Y- L X - qXY 



Lemma 5.13 The automorphism from Lemma \3.J\ sends 

Co (->■ C\ i-)- C 2 i-> C 3 i-)- Co- 
Proof: Use Lemma 15.61 and Definition 15.121 



□ 
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Proposition 5.14 The following relations hold in H q : 



Co = qT 2 t + T 3 ti + q~ 1 T t 2 + T\t 3 — q~ 1 T T 2 — T{T 3) (24) 

Cx = T 2 t + qT^ti + T t 2 + q^Txh - T T 2 - q^T^, (25) 

C 2 = q~ l T 2 to + T 3 ti + qT t 2 + T\t 3 — q~ x T T 2 — TiT 3 , (26) 

C 3 = T 2 t + g" 1 ^! + T t 2 + qTfo - T T 2 - q' 1 ^. (27) 



Proof: To verify (|2~4"|) . use ( 125]) together with 

t 3 H^ = (T 3 — t 3 )(7i — ti) 

= T X T 3 — t 3 Ti — tiT 3 + t 3 t\. 

To verify ( 125]) - (127]) . repeatedly apply the automorphism from Lemma [3.41 to everything in 
( 124"]) . and use Lemma [5. 131 □ 

We mention a result for future use. 

Lemma 5.15 The automorphism a of H q sends 

hh q'W 1 , tg Hi 1 i ^ gt 2 t , 

t t 2 g~^ 3 V 1 , tjHo 1 m- gtit 3 . 

Proof: This is routinely checked using the action of cx given in Lemma 13.51 □ 



6 The proof of Theorems EC, EQ], EI 



In this section we prove the first three theorems from Section 4. 

Lemma 6.1 [7] Lemma 3.8]. Let u,v denote invertible elements in any algebra such that 
each of u + u^ 1 , v + v _1 is central. Then 

(i) -uf + (m;)^ 1 = im + (im) -1 ; 

(ii) uv + (itu) -1 commutes with each ofu,v. 

Proof: (i) Write U = u + w -1 and U = t> + t> -1 . We have both 

uv + (wf ) _1 — uv + (V — v)(U — u) = uv + vu — v{7 — + UV, 



vu 



+ (vu) 1 = vu + (C/ — u)(V — v) = vu + uv — uV — vU + UV. 



The result follows, 
(ii) Using (i) we have 



u (uv + v 1 u 1 )u = vu + u l v 1 = uv + v 1 u . 



Therefore uv + (uv) 1 commutes with u. Similarly uv + (uv) 1 commutes with v. □ 
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Corollary 6.2 For distinct i,j 6 I, 

(i) Utj + (Utj)- 1 = tjti + (tjU)- 1 . 

(ii) titj + (titj)~ l commutes with each oft^tj. 

Proof: By Lemma [6.11 and since tk + t^ 1 is central for k el. □ 

Definition 6.3 We define elements A, B, C in H q as follows: 

A = hto + (tito)" 1 = toh + (toh)- 1 = Y + Y-\ (28) 
B = t 3 t + (hto)- 1 = t t 3 + (tots)- 1 = X + X~\ (29) 
C = Mo + (hto)' 1 = t t 2 + (hh)' 1 . (30) 

Lemma 6.4 In the algebra H q the element to commutes with each of A, B,C . 

Proof: By Corollary I6.2( ii) and Definition 16.31 □ 

The following is a variation on [7J Theorem 5.1]. 

Lemma 6.5 The B3 action on H q does the following to the elements A,B,C from Definition 
Iff. 31 The generator r fixes each of A, B, C . The generator p sends A 1— > B 1— > C (->■ A. The 
generator a swaps A, B and sends C ' M- C where 

qC + q- l C + AB = q- l C + qC + BA 

= {q-Ho + qt^Tz + nn. 

Proof: The generator r fixes each of A, B,C by Lemma 16.41 and since r(h) = t^hto for 
all h e H q . The generator p sends Ai-fSi->Ci->iby Lemma 13.51 and Definition 16.31 
Similarly the generator a swaps A, B. Define C = er(C). We show that C satisfies the 
equations of the lemma statement. We first show that 

qC + q- l C + AB = (q-H + qt Q X )T 2 + 7\T 3 . (31) 

Since A = Y + Y~ l and B = X + X~\ 

AB = YX + YX- 1 + Y~ l X + Y- 1 X~ l . (32) 

By (J30D along with and 



C — toto + to 1 t, 1 



0^2 T t-2 L 

= (qts + q-h^n-qXY-'-q-'YX- 1 . (33) 
Using Lemma 15.151 along with (1211) and 



C = qtJz + q-W 1 

= T T 2 -qYX -q^X^Y- 1 . (34) 
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To verify fl3TT) . evaluate the left-hand side using ( [32]) - ([341) and simplify the result using 
Proposition 15. 141 and f fT3|) . We have verified fl3Tl) . Next we show that 



q- x C + qC + BA = (q-% + qt V )T 2 + T,T 3 . (35) 

To obtain f )35|) . apply o to each side of fl3Tl) and evaluate the result. To aid in this evaluation, 
recall that a swaps A, B; also a swaps C, C since a 2 = r and r(C) = C. By these comments 
and Lemma [3.61 we routinely obtain (|35p . □ 

The following is a variation on [7J Theorem 5.2]. 

Proposition 6.6 In the algebra H q the elements A, B, C are related as follows: 
A + 
B + 
C + 



qBC 


-Q~ 


1 CB 


(q- 


■H + qto 1 )^ + T 2 T 3 


q 2 


- q 


-2 




q + q^ 1 


qCA 


-<f 


' l AC 


(q- 


-% + qt^)T 3 + T X T 2 


q 2 


- q 


-2 




q + q^ 1 


qAB 


-q~ 


l BA 


(q- 


-Ho + qt-^Tz + T^ 


q 2 


- q~ 


-2 




q + q^ 1 



Proof: To get the last equation, eliminate C from the equations of Lemma 16.51 To get the 
other two equations use the B% action from Lemma 1331 Specifically, apply p twice to the last 
equation and use the data in Lemma 13.61 together with the fact that p cyclically permutes 
A,B,C. □ 



Proof of Theorem J^.l: Immediate from Lemma [6.41 and Proposition 16.61 □ 



Back in Definition 12.21 we defined some elements a, (3, 7 of A g . From now on we retain the 
notation a, (3, 7 for their images under the map ip '■ A q — » H q . Thus the elements a, (3, 7 of 
H q satisfy 

a = (q-Ho + qt^n + T^, (36) 
(3 = (q-Ho + qt^)T 3 + T 1 T 2 , (37) 
7 = {q-Ho + qt^Tz + nn. (38) 

Proof of Theorem Without loss we may assume g = p or g = a. By Lemma 12.51 the 
action of p on A q cyclically permutes A,B,C. By Lemma [631 the action of p on H q cyclically 
permutes A, B, C. By Lemma T2.5I the action of o on A q swaps A, B and fixes 7. The action 
of a on H q swaps A, B by Lemma 16.51 The action of a on H q fixes 7 by (|38|) and Lemmas 
1331 [323 The result follows. □ 

Proof of Theorem \4 . 3\ In each case, chase A,B,C around the diagram and use Corollary 
Eli). ' □ 
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7 A basis for the F-vector space H ( 



Our next general goal is to prove Theorem 14.41 The proof will be completed in Section 9. 
In the present section we obtain a basis for the F-vector space H q . The basis consists of 

Y^H^TlT^Tl i,j G Z k G {0, 1} £ } r,s,te N. (39) 

We also obtain a set of relations for H q called reduction rules. The reduction rules show how 
to write any given element of H q as a linear combination of the basis elements (I3"9~|) . 

To begin the basis project, we are going to display a presentation of H q that contains detailed 
information about how the generators commute past each other. We will give two versions 
of this presentation. For version I we attempt to optimize clarity. For version II we attempt 
to optimize utility. We hope that taken together the two versions are reasonably clear and 
useful. The relations in version II become our reduction rules. 

We now give version I. 

Proposition 7.1 The W-algebra H q has a presentation by generators X ±l ,Y ±l , {iijiei, 
{Ti} m , {Ci} m and relations XX" 1 = I, X~ l X = I, YY~ l = 1, Y^Y = I, the {T,} ieI are 
central, 

to = ^0^0 — 1) 

h = (T -t )r, 

t 2 = q- l Y-%X-\ 
h = X(T — t ), 

t X = X to + XTq — T 3 , 

t X 1 = Xt — XT + T 3 , 

t Y = Y-Ho + YTo-n, 

t Q Y- 1 = Yt -YT + T u 

XY = q 2 YX-C , 

X^Y = q- 2 YX^ + q~ 1 C 1 , 

X - l Y- 1 = q'Y^X-'-q 2 ^, 

XY' 1 = q- 2 Y- l X + q- 1 C 3 , 

Co = qT 2 t + T 3 tx + q~ 1 T t 2 + Tit 3 — q~~ 1 T T 2 — TiT 3 , 

Ct = Tzto + qT^+Toh + q-^ts-ToTz-q-^Tz, 

C 2 = q~ l T 2 t + T 3 ti + qT t 2 + Txt 3 — q~ x ToT 2 — T{T 3) 

C 3 = T 2 t + q- 1 ^ + T t 2 + qT x t 3 - T T 2 - q- l T{T 3 . 

Proof: Consider the relations in the proposition statement. We now show that these relations 
hold in H q . This is clear for the relations shown in the line, so consider the 16 displayed 
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relations. Displayed relation 1 is from Lemma 15.21 Displayed relations 2-4 follow from 
Lemma 15.41 Displayed relations 5-8 are from Lemma 15.101 Displayed relations 9-12 are 
from Definition 15.121 Displayed relations 13-16 are from Proposition 15.141 We have shown 
that the relations in the proposition statement hold in H q . Conversely, one routinely checks 
that the relations in the proposition statement imply the defining relations for H q given in 
Lemma 15.21 □ 



We now give version II. Roughly speaking, this version amounts to a universal analog of [10] 
Proposition 5.2]. 

Proposition 7.2 The F-algebra H q has a presentation by generators X ±:L , Y ±l , t , {Tj} ie i 
and relations XX~ X = 1, X~ l X = 1, YY^ 1 = 1, Y~ l Y = 1, the {Tj}; e i are central, 

t 2 , = toTo — 1, 
t X = X 1 t + XT — T 3 , 
t$X 1 = Xto — XTq + T3 , 

t Y = Y-Hq+YTq-Tx, 
toY- 1 = Yt Q -YT + T u 
XY = q 2 YX-qt Q T 2 + q- 1 T Q T 2 +Y-%Tz-q- 2 Y- 1 T {i Tz 
+ q- 2 Y- x XTl - q-^XtoTo - XT T, + Xt T u 
X- l Y = q^YX- 1 + (q- q^q'^Ts - q- l T G T 2 + q-%T 2 - Y-%T 3 

+ q- 2 XT Q T x - q-'XtoT, + q^Y^T^ - q~ 2 Y~ l XT 2 + q^Y^Xt^ 
X- l Y- 1 = q 2 Y- x X- 1 - (fY~ l T Q T z + q 2 Y~H T 3 + qT T 2 - qt T 2 
- q 2 XT Ti + q 2 Xt T 1 + q 2 Y^XT 2 - q 2 Y~ l Xt Q T 0l 
XY' 1 = q- 2 Y- l X + XT Ti - Xt Q T x - q- 2 Y' l XT 2 + q^Y^Xt^To 
+ q-'Y-'ToT, - q- 2 Y-H T 3 - q~ l T$T 2 + q~%T 2 . 

Proof: In Proposition 17.11 eliminate {ii}f =1 using the displayed relations 2-4, and eliminate 
{Cj}j g / using the displayed relations 13-16. Simplify the results using the displayed relations 
5-8. □ 

We just gave two versions of a presentation for H q . From now on we focus on version II. 
This version will yield our reduction rules and basis for H q . 

Definition 7.3 The generators X* 1 , Y* 1 ,^, {Ti} i£ i of H q are called balanced. 

Note 7.4 Referring to the presentation of H q from Proposition I7.2[ consider the relations 
which assert that the {Tj} ign are central. These relations can be expressed as 

T,X ±1 = X ±1 T i , T i y ±1 = Y ±X T U Tito = t Ti, % G I, 

T{Tj = TjTi i, j G I, i > j. 
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Definition 7.5 By a reduction rule for H q we mean an equation that appears in Proposition 
17.21 or Note 17.41 Of these reduction rules, the last four in Proposition 17.21 are said to be of 
the first kind, the preceeding five are said to be of the second kind, and the rest are said to 
be of the third kind. 

Definition 7.6 For an integer n > 0, by a word of length n in H q we mean a product 
9x9i ' ' ' 9n such that gi is a balanced generator of H q for 1 < i < n. We interpret the word of 
length as the multiplicative identity in H q . A word is called forbidden whenever it is the 
left-hand side of a reduction rule. Every forbidden word has length two. A forbidden word is 
said to be of the first kind (resp. second kind) (resp. third kind) whenever the corresponding 
reduction rule is of the first kind (resp. second kind) (resp. third kind). 

Definition 7.7 Let w denote a forbidden word in H q , and consider the corresponding re- 
duction rule. By a descendent of w we mean a word that appears on the right-hand side of 
that reduction rule. 

Proposition 7.8 The following is a basis for the ¥ -vector space H q : 

Y'XHqTqT^ T 2 s T 3 * i,j eZ k e {0, 1} i, r,s,te N. (40) 

Proof: We invoke Bergman's Diamond Lemma [31 Theorem 1.2]. Let 9\9%---9 n denote a 
word in H q . This word is called reducible whenever there exists an integer % (2 < i < n) 
such that gi-igi is forbidden. A word is called irreducible whenever it is not reducible. The 
list PU|) consists of the irreducible words in H q . Let w = gig 2 ■ ■ ■ g n denote a word in H q . 
By an inversion in w we mean an ordered pair of integers (i, j) such that 1 < i < j < n 
and the word gig^ is forbidden. The inversion (i, j) is of the first kind (resp. second kind) 
(resp. third kind) whenever the forbidden word QiQj is of the first kind (resp. second kind) 
(resp. third kind). Let W denote the set of all words in H q . We define a partial order 

< on W as follows. Pick any words w, w' in W and write w = g\g 2 ■ ■ ■ g n - We say that 
w dominates w' whenever there exists an integer i (2 < i < n) such that (i — l,i) is an 
inversion for w, and w' is obtained from w by replacing gi-\g% by one of its descendents. In 
this case either (i) w has more inversions of the first kind than w', or (ii) w and w' have 
the same number of inversions of the first kind, but w has more inversions of the second 
kind than w', or (iii) w and w' have the same number of inversions for each of the first and 
second kind, but w has more inversions of the third kind than w' . By these comments the 
transitive closure of the domination relation on If is a partial order on W which we denote 
by <. By construction < is a semigroup partial order [31 p. 181] and satisfies the descending 
chain condition [31 p. 179]. We now relate the partial order < to our reduction rules. Let 
w = g\g 2 ■ ■ ■ 9n denote a reducible word in H q . Then there exists an integer i (2 < i < n) such 
that gi-igi is forbidden. There exists a reduction rule with gi-igi on the left-hand side; in w 
we eliminate gi-igi using this reduction rule and thereby express toasa linear combination of 
words, each less than w with respect to <. Therefore the reduction rules are compatible with 

< in the sense of Bergman [31 p. 181]. In order to employ the Diamond Lemma, we must show 
that the ambiguities are resolvable in the sense of Bergman [31 p. 181]. There are potentially 
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two kinds of ambiguities; inclusion ambiguities and overlap ambiguities [31 p. 181]. For the 
present example there are no inclusion ambiguities. The nontrivial overlap ambiguities are 

toXY, t X Y, t XY , t X l Y , 

j.2 y j.2 y-1 + 2 V + 2 V — 1 
^0^' ' ''O 1 ' L I ' 

XX^Y, XX^Y- 1 , X~ X XY, X- x XY-\ 
XYY-\ XY~ l Y, X^YY' 1 , X^Y^Y, 
t^XX , t^X X) t$YY , X Y. 

Take for example t^XY. The words t^X and XY are forbidden. Therefore t XY can be 
reduced in two ways; we could evaluate t X first or we could evaluate XY first. Either way, 
after a 3-step reduction we get the same resolution, which is 

q 2 YXT + q- 2 YX- l T + ^Y^X-Hq + q 2 Y~ l XT Q - q 2 XT 1 

+ (q- 2 - l)XT 2 Tx + (1 - q-^XtoToTi - X~ l T x - YT 3 - q 2 Y' l T z 
-{q- q- l )t T T 2 + (1 - q^^T^ + qT 2 . 

Therefore the ambiguity t$XY is resolvable. The other ambiguities listed above are similarly 
shown to be resolvable. Their resolutions are displayed in the tables below. 



Ambiguity 


Resolution 


t X- l Y 


q^Y^Xto 


- q- 2 Y- l XT + YT 3 + q^Y^ - q~ x T 2 , 


toXY- 1 


q- 2 YX-% - q- 
+ q~ 2 XT x + X- 


tYX^To + (q~ 2 - l)Xt T T x + (1 - q-^XT 2 ^ 
- l T, + (1 - q-^toT.T, + (q- 2 - l)T T 1 r 3 - q^T 2 , 


toX-'Y- 1 




q 2 YXt - q 2 YXT + qT 2 


tlx 




X-%T + XT 2 -X- T T 3 


tlx- 1 




XtoTo-XT^-X-' + ToT, 


t 2 Y 




Y-%T + YT 2 - Y - TqTi 


tlY- 1 




YtoTo-YT^-Y^ + ToT, 



Ambiguity 



XX~ X Y XX^Y- 1 X- l XY X- l XY~ x 



Resolution | Y Y~ l Y Y~ l 

Ambiguity I XYY' 1 XY^Y X^YY' 1 X~ l Y~ l Y 



Resolution X 



X 



X 



X 



Ambiguity 


t XX~ l 


t X~ l X toYY- 1 toY^Y 


Resolution 


to 


to t to 
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We conclude that every ambiguity is resolvable, so by the Diamond Lemma [31 Theorem 1.2] 
the irreducible words form a basis for H q . The result follows. □ 

In Proposition 17.81 we gave a basis for H q . In Proposition 17.141 below we give a variation on 
this basis. 

Let A denote an indeterminate. Let F[A, A -1 ] denote the F-algebra of Laurent polynomials 
in A that have all coefficients in F. 

Lemma 7.9 The following is a basis for the W-vector space F[A, A -1 ]: 

A fc (A + A~Y k €{0,1} £eN. (41) 

Proof: The vectors {A*}j £ z form a basis for the F-vector space F[A, A -1 ]. List the elements 
of this basis in the following order: 

1, A, A" 1 , A 2 , A" 2 , A 3 , A" 3 , ... (42) 

List the elements of (j4"Ii) in the following order: 

1, A, A + A~\ A(A + A- X ), (A + A- 1 ) 2 , A^ + A" 1 ) 2 , ... (43) 

Write each element of (j4"3~I) as a linear combination of ( 1421) . Consider the corresponding 
coefficient matrix. This matrix is upper triangular with all diagonal entries 1. The result 
follows. □ 

For a subset S of any algebra let (S) denote the subalgebra generated by S. 

Definition 7.10 Let T denote the following subalgebra of H q : 

T=(tf,T 1 ,T 2 ,T 3 ). (44) 

Let {Aj} 3 =0 denote mutually commuting indeterminates. By construction the F-algebra T is 
commutative and generated by t x , T±, T 2 , T3. Therefore there exists a surjective F-algebra 
homomorphism (f : F[Aq 1 , Ai, A2, A3] — > T that sends 

Xf^4\ Ai t-> Ti, A 2 ^T 2 , A 3 ^T 3 . (45) 

Proposition 7.11 The above homomorphism (p is an isomorphism. Moreover, in each line 
below the displayed vectors form a basis for the F-vector space T: 

t k T i T r T s T t A; €{0,1} £,r,s,teN; (46) 

t k T r T s T t keZ r,s,teN. (47) 

Proof: By Lemma [7T91 the following is a basis for the F-vector space F[Aq 1 , Ai, A 2 , A 3 ]: 

Aq(Ao + Aq yxiKXl k e {0, 1} £,r,s,teN. (48) 
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The homomorphism tp sends the vectors (j4"81) to the vectors fHol) ; therefore the vectors (|46l) 
span T. The vectors fH6|) are linearly independent by Proposition 17.81 Therefore the vectors 
f|46]) form a basis for T. Consequently <p is an isomorphism and ( I47p is a basis for T. □ 

Recall the elements a, /3, 7 of if g from f[3"oT) - fl3"5j) . By those lines a, /3, 7 are contained in T. 
More precisely, (I36l) - (l38l) show how a, /3,7 look in the basis for T from (1471) . The elements 
a, /3, 7 look as follows in the basis for T from (TJ6]): 

a = gToH - (q - <T%7\ + T 2 T 3 , (49) 
/3 = qToTs-iq-q^ton + T^ (50) 

7 = g T r 2 -( g - g - 1 )toT 2 + T 3 r 1 . (51) 

We now consider the subalgebras (X ±:L ) and (l^ 1 ) of H q . By Proposition 17.81 the vectors 
{X l } i£ x form a basis for (X^ 1 ) and the vectors {Y l } ie z form a basis for (Y^). 

Lemma 7.12 There exists an isomorphism of W-algebras F[A ±:L ] — > (X ) t/iat sends A h-> 
X. There exists an isomorphism ofF-algebras F[A ±:L ] — >■ (K ) £/iat sends A 1— > K. 

Proposition 7.13 T/ie ¥ -linear map 

(F ±1 ) <g> (X ±1 ) (g) T -> # g 
v ® w 1 — ^ avw 

zs a bijection. 

Proof: By Proposition 17.81 Lemma 17.121 and since (TJ6]) is a basis for T. □ 
We now give a variation on the basis for H q given in Proposition 17.81 
Proposition 7.14 The following is a basis for the ¥ -vector space H q : 

Y^H^TlT^Tl i,j,keZ r,s,teN. (52) 

Proof: By Proposition 17.131 and since (1471) is a basis for T. □ 



8 The coefficient matrix 

Suppose we have an element of H q that we wish to express as a linear combination of the 
vectors f!4Up or (1521) . In order to describe the result efficiently we will use the following 
notation. 

Definition 8.1 By Proposition 17.131 each h e H q can be written as 

h = Y'Xhij Uj G T. 



22 



Moreover for i,j £ Z the element ty is uniquely determined by h. We call t%j the coefficient of 
Y % Xi in h. The coefficient matrix for h has rows and columns indexed by Z and (i, j)-entry 
tjj for z, j G Z. We view 

• ■■ x- 2 x- 1 1 X X 2 ■■■ 



£-2,1 £-2,2 

£-1,1 £-1,2 

£o,i £0,2 

£1,1 £1,2 

£2,1 £2,2 

A coefficient matrix has finitely many nonzero entries. When we display a coefficient matrix, 
any row or column not shown has all entries zero. 

Example 8.2 The coefficient matrix for A is 





x- 1 


f 


X 


Y- 1 





f 





1 











Y 





f 






The coefficient matrix for B is 





x- 1 


f 


X 


Y- 1 











1 


f 





f 


Y 












Our next goal is to compute the coefficient matrix for C. In order to simplify the computation 
we initially work with an element 9 G H q that is closely related to C . 

Definition 8.3 Define 9 G H q such that 

q C = 1 -9t ~\ (53) 

where we recall 7 = (q ,_1 £o + qto 1 )T 2 + TiT 3 . 

Lemma 8.4 In the basis ( 1521) the element 9 looks as follows: 

9 = YX-H - Y^Xtv 1 + Y^T 3 + XT, + q- l t 2 T 2 . (54) 

Proof: Recall that C = £ £ 2 + (tok) -1 - We have t t 2 = q'H^Ti - q^YX' 1 by LemmaEZU 
Also £3 1 = T3 — ts and £3 = XTq — Xto- By these comments 

£ £ 2 = q^TxTs - q-'XToT, + q^Xt^ - q^YX' 1 . 

We have {tot 2 )~ l = ^£3^1 — qXY^ 1 by Lemma f5 . 1 1 L We mentioned £3 = XTq — Xto, and the 
term XY~ X can be evaluated using a reduction rule from Proposition 17. 21 The result follows 
from these observations along with Definition 18.31 □ 



Y £-2,-2 £-2,-1 £-2,0 

Y 1 £-1,-2 £-1,-1 £-1,0 
1 ■ ■ • £0,-2 £0,-1 £0,0 
Y £1,-2 £1,-1 £1,0 

Y 2 £2,-2 £2,-1 £2,0 
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Lemma 8.5 The coefficient matrix for 6 is 





x- 1 


1 


X 


Y- 1 





T 3 


-to 1 


1 







Ti 


Y 


to 









Use Lemma [8.41 □ 



Lemma 8.6 The coefficent matrix for C is 





x- 1 


1 




X 


Y- L 





-q-% L T 3 




-v 


1 





t^T2 + q-^Ts 






Y 


-q- 1 











Proof: Use Definition 18.31 and Lemma [8.51 □ 



Lemma 8.7 T7ie coefficient matrix for XC is 





x- 2 


x- 1 


1 




X 


X 2 





















Y- 1 





q~%T 3 


-q-'Ti - g" 




q-^q-Ho + qt^Ts 




1 





-q~ 2 t T 2 




- T2T3 








y 








-q 










y 2 




















Proof: First find the coefficient matrix for X9. To do this, in the equation (154"]) multiply 
each term on the left by X and simplify the result using the reduction rules from Proposition 
17.21 This yields the coefficient matrix for X9. Using this coefficient matrix and ( T53|) . we 
routinely obtain the coefficient matrix for XC. □ 

We mention two results for later use. 
Lemma 8.8 We have 

X- l C = q- 2 C{X + X' 1 ) -XC- q-\q 2 - q- 2 )(Y + Y' 1 ) + q~ l (q - q'^a, 
where we recall a = (q~ l t + qt^ 1 )T 1 + T 2 T 3 . 

Proof: In the first equation of Lemma 16.61 eliminate A using A — Y + Y^ 1 and B using 
B = X + X~ l . In the resulting equation solve for X~ l C. □ 



Lemma 8.9 Given h G H q and v € T such that hv = 0. Then h = or v = 0. 
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Proof: We assume v 7^ and show h = 0. Following Definition 18.11 write 



h=J2 Yixj tij Uj G T. 

i,j'ez 

In this equation we multiply each term on the right by v to obtain 

= Yixj UjV. 

Note that tijV G T for i,j G Z. By this and Proposition 17. 131 we find t^v = for i,j G Z. The 
algebra T is isomorphic to F[Aq 1 , A 1; A 2 , A3] by Proposition l7.111 The algebra F[Aq 1 , A 1; A 2 , A3] 
is a domain, so T is a domain. By this and since v 7^ we find = for all i,j G Z. There- 
fore h = 0. □ 



9 The proof of Theorem 14.4 



In this section we prove Theorem 14.41 Recall the Casimir element Q in A q , from Definition 
12.61 Let Q' denote the element (1121) . so that 

Q' = (q + q - l f - (q-H + qt v ) 2 - T 2 - T 2 - T 2 - (<?-% + qt^)T x T 2 T z . (55) 

Theorem 14.41 asserts that Q' is the image of fl under ip. 

Proof of Theorem \4-4\ By Definition 12.61 and Theorem 14.11 the image of Q under ip is the 



following element of H q : 

q~ x ACB + q~ 2 A 2 + q- 2 B 2 + q 2 C 2 - q~ l Aa - q~ 1 Bf3 - qCj, (56) 

where a,(3,j are from ( |36l) -(!38l). We show that (l56l) is equal to ft'. Define D to be ( |56l) 
minus We show that D = 0. Our strategy is to find the coefficient matrix for D in the 
sense of Definition 18.11 Using A = Y + K _1 and -B = X + X -1 we obtain 

-D = q-\Y + y- 1 )^ + X- 1 ) + q~ 2 (Y + F" 1 ) 2 + q~ 2 (X + X" 1 ) 2 

+ q 2 C 2 - q-\Y + Y~ 1 )a - q-\X + X- r )f3 - qC-f - CI'. ( °' ) 

In order to evaluate D further we consider the term C 2 . In this product eliminate the first 
factor using the formula for C from Lemma 18.61 Simplify the result using the fact that C 
commutes with to; this gives 

C 2 = q^Y^XCto 2 -q^YX^C -q^XCt^ 

- q-'Y-'Ct^n + C(t^T 2 + q-^Ts). 

In the above formula we eliminate X -1 C using Lemma [8T8l Evaluating (157"|) using the results 
we obtain 

D = qC{T x Tz - 7 + qt^T 2 ) - qY^Ct^T, + q- l Y~ l C(X + X" 1 ) 

- qXCt 1 T 1 + qYXC + qY^XCto 2 + G, 1 ' 

25 



where 



G 



- x a + q~ 2 X 2 + q- 2 X~ 2 



(59) 



q 2 Y 2 + q- 2 Y~ 2 - qYa - q~ x Y' 

- q~ x Xfi - q- x X~ x fi + q 2 + 3q~ 2 - Q'. 

We continue to compute the coefficient matrix of D. For the next step we will display the 
coefficient matrix for a number of elements in H q . When we display these coefficient matrices 
we just display the entry for —2 < i,j < 2, since it turns out that all the other entries 
are zero. Consider the element C of H q . By Lemma [8.61 the coefficient matrix for C is 





x- 2 


x- 1 


1 






X 


X 2 


Y-2 





















Y- 1 








-Q~% 




q 


-v 





1 








to X T 2 + q 




-q~ 







Y 




















Y 2 





















matrix for Y 


l C is 














x- 2 


x- 1 


1 






X 


X 2 












% 


q 


-V 





Y- 1 








to'T 2 + q 




-Q~ 







1 




















Y 





















Y 2 






















(60) 



(61) 



By this and since t commutes with X + X 1 , the coefficient matrix for Y 1 C(X + X x ) is 





x- 2 


x- 1 




1 


X 


X 2 


Y-2 







q 


"V 




q L o 


Y- 1 





t^T 2 + g-^iTg 


-Q~ 




*o X T 2 + q~ l T x T z 


-<TV?i 


1 

















Y 



















Y 2 




















(62) 



By Lemma 18.71 the coefficient matrix for XC is 





x- 2 


x- 1 


1 




X 


X 2 


Y-2 



















Y-i 





q-%T 3 


q- 1 !* - q-H 2 - g~ 3 


g 2 (g- 


+ qto l )T 3 




1 





-q~%T 2 


g-HoTi + T 2 T 3 










Y 


















Y 2 



















coefficient matrix for YXC 


is 










x- 2 


x- 1 


1 




X 


X 2 


Y-2 



















Y- 1 



















1 





q- 3 t T 3 


g^Tf - q-H 2 - g~ 3 


g- 2 (g- 


-H + qt^Ts 


_g-3 


Y 





~q~ 2 t Q T 2 


g-^oTi + T 2 T 3 










Y 2 








-9 











(63) 



(64) 
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The coefficient matrix for Y l XC is 





x- 2 


x- 1 


1 




X 


X 2 


y-2 





q~ 3 t T 3 


-q-'Ti - q~ 


H 2 - g" 3 


q- 2 {q-H, + qt^)T z 




Y- 1 





-q- 2 t T 2 


q- l t T x 4 


-T 2 T 3 








1 








-q 










Y 



















Y 2 




















(65) 



By (1591) the coefficient matrix for G is 





x- 2 


x- 1 


1 


X 


X 2 










q- 2 








Y- 1 








—q 1 a 








1 


q- 2 




q 2 + 3q- 2 - VI' 


-q- l P 


q- 2 


Y 








—qa 








Y 2 








q 2 









(66) 



We now evaluate (158]) using (160)) - (166]) . One routinely checks that (1601) times g(TxT 3 — 7 + 
qtQ 1 T 2 ) minus ( l6~Tj) times qt^Ty, plus (16"2"j) times g -1 minus (ESD times qt$ l Ti plus (1611) times 
g plus ( 165} times gt^ 2 plus (16"6"j) is equal to zero. Evaluating (155j) in this light we find that 
the coefficient matrix of D is zero. Therefore D = and the result follows. □ 

From now on we retain the notation Q for its image under the map %j) : — > H q . Thus the 
element Q of H q satisfies 

Q = ( q + q -y - ( q -\ + g^ 1 ) 2 - T 2 - T 2 2 - T 2 - (g^ + qt^T^T,. (67) 

10 Some results concerning algebraic independence 

Our next general goal is to prove Theorem 14.51 The proof will be completed in Section 12. 
In the present section we establish some results about algebraic independence that will be 
used in the proof. 

Let {xi}f =1 denote mutually commuting indeterminates. Motivated by the form of (I36l)- (l38l) 
and ( 1671) we consider the following elements in ¥[xi, x 2 ,X3, X4]: 

yi = x 1 x 2 x 3 x 4 + x\ + x\ + x\ + x\, (68) 
y 2 = x\x 2 + £3X4, y-i = xix 3 + x 2 x 4 , Va = x\x A + x 2 x 3 . (69) 

Lemma 10.1 [HJJ Lemma 8.1]. The elements {yi}f =1 in ( 1681) . ( 1691) are algebraically inde- 
pendent over F. 

Recall the algebra T from Definition 17.101 

Lemma 10.2 The following are algebraically independent elements ofT: 

a, p, 7. 



27 



Proof: Recall that T is generated by t^ 1 , Ti, T%, T3. By Proposition 17.111 the following are 
algebraically independent over F: 

^0; ^1; T 2 , T3. 

Therefore the following are algebraically independent over F: 

q-% + qto\ T u T 2 , T 3 . (70) 

Denote the sequence (1701) by {Xj}* =1 . By Lemma [10.11 the following are algebraically inde- 
pendent over F: 

X1X2X3X4 + X\ + ^2 + X\ + 

^1^2 + X3X4, X1X3 + .X2-X4, X1X4 + J^2^3- 

By fl36|) - fl38|) and flBTj) the above four elements are 

+ «, /3, 7. 

The result follows. □ 



Definition 10.3 Let P denote the following subalgebra of T: 

P=<n,a,/3, 7 >. (71) 
We set some notation. For subspaces U, V of H q define UV = Spa.ia ¥ {uv\u £ U, v 6 V}. 

In order to motivate the next few sections let us briefly return to the map ip : A q — > H q from 
Theorem 14.11 Our current goal is to show that ip is injective. Recall that A q is generated by 
A, B, C. Therefore the image of A q under ip is the subalgebra (A, B, C) of H q . By Theorem 
12.201 the vectors (IE]) form a basis for A q . Applying ip to this basis, we find that the following 
vectors span (A, B, C): 

A i C 3 B k Q e a r p s j t j e {0, 1} i, k, £, r,s,te N. (72) 

Consequently 

(A, B, C) = (A) (B)¥ + (A)C(B)W>. (73) 

In order to show that ip is injective, it suffices to show that the vectors f!72|) are linearly inde- 
pendent. To show this, it will be convenient to expand our focus from the algebra {A, B, C) 
to the algebra [A, B, C, T) = (A, B, C, t$ 1 , T\, T 2 , T 3 ). By ( 173|) . and since everything in 
(A, B, C) commutes with everything in T, 

(A, B, C, T) = (A) (B)T + (A)C(B)T. (74) 

We will show that the following is a basis for the F- vector space {A, B, C, T): 

A i C j B k t i T[T^T^ j €{0,1} £ e Z i, k, r,a,te N. 

It will follow from this and Lemma [10.21 that the vectors f[72l) are linearly independent. 
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A. 

11 The structure of H q 

In this section we establish some results about H q that will be used in the proof of Theorem 
WM Recall A = Y + Y~ l and B = X + X' 1 . 

Lemma 11.1 The following is a basis for (Y^): 

Y k A e k G{0,1} l6N. 

The following is a basis for (X^): 

x k B e k e {o, 1} leN. 

Proof: Combine Lemma 17.91 and Lemma 17.121 □ 

Lemma 11.2 The following sums are direct: 

(Y±i) = (A) + Y(A), (X^) = (B) + X(B). 

For each summand a basis is given in the table below. 



subspace 


basis 


{A) 


A 1 


i e N 


Y(A) 


YA i 


i e N 


(B) 


B i 


i e N 


X(B) 


XB i 


% e N 



Proof: Use Lemma [11.11 □ 

Proposition 11.3 The following sum is direct: 

H q = (A)(B)T + (A)X(B)T + (A)Y(B)T + (A)YX(B)T. (75) 
For each summand a basis is given in the table below. 



subspace 


basis 


(A)(B)T 


A l BnlT[TIT\ 


k ez, 


i,j,r,s,t G N 


(A)X(B)T 


AXBH\T{T%T\ 


k e Z, 


i,j,r,s,t E N 


(A)Y(B)T 


A { Y BH\T{T%T\ 


kez, 


i,j,r,s,t E N 


{A)YX(B)T 


A 1 YXBHqT{ T 2 s Tg 


kez, 


i,j,r,s,t e N 



Proof: By Proposition 17.131 Lemma 111.21 an d since ([47]) is a basis for T. □ 
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Proposition 11.4 For v G {1, X,Y,YX} the F-linear map 



(A) <S> (B) <S> T (A)v(B)T 
u ® v ® w i — y uuvw 

is a bijection. 

Proof: Use the bases displayed in the table of Proposition 111.31 □ 

Consider the four summands in the decomposition (1751) . For each summand we now consider 
the corresponding projection map. 

Definition 11.5 For v G {1, X,Y,YX} define an F-linear map ir u : H q — > H q such that 7r„ 
acts as the identity on (A)i>(B)T, and as on the other three summands in ( 1 75 p . Thus n v 
is the projection from H q onto (A)v(B)Y. For h G H q we have 

ix v (Ah) = An u (h), n u (hB) = ir u (h)B, ir„(hv) = K v (h)v (Vt> G T). (76) 

Moreover 

h = ic 1 (h) +ir x {h) +ir Y (h) +ir Y x(h). (77) 

Lemma 11.6 For v G {1, X,Y,YX} the projections ir v (A), tt u (B), tt u (C) are given in the 
table below. 



V 


7T„(A) 






1 


A 


B 


9 -1 7 - <T 2 W - gr^to ^3 


X 








g-MXt 2 - q^XtQ 1 ^ 


Y 








q-'Yt^Ts - q- l YB 


YX 








q-*YX{\-tf) 



Proof: To get 7r u (A) and tt u (B), note that each of A, B is contained in (A)(-B)T. To get 
tt v (C), consider the formula for C from Lemma 18.61 In this formula eliminate X^ 1 , Y^ 1 
using X- 1 = B - X and Y' 1 = A - Y . □ 



12 The proof of Theorem 14.5 



In this section we will prove Theorem 14.51 To prepare for the proof, consider the following 
subspace of H q : 

H q = (A)(B)T + (A)X(B)T + (A)Y(B)T + (A)YX(B)T(1 - t 2 ). (78) 
Lemma 12.1 The sum in (1751) is direct. 

Proof: Observe that T(l — t$ 2 ) is contained in T, so (A)YX(B)T(1 — t^ 2 ) is contained in 
(A)YX(B)T. The result follows in view of Proposition 111.31 □ 

Note that F[A ±1 ](1 - A~ 2 ) is an ideal in F[A ±X ]. 
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Lemma 12.2 The following sum is direct: 

F[A ±X ] = Fl + FA" 1 + FfA^Kl - A~ 2 ). 
In other words, the vectors 1, A" 1 form a basis for a complement o/F[A ±1 ](l — A~ 2 ) in W[X ±l ]. 
Proof: One checks that the vectors 

1, A" 1 , 1-A- 2 , A(l-A- 2 ), A-^l-A- 2 ), A 2 (l-A- 2 ), A~ 2 (l - A~ 2 ), ... 
form a basis for F[A ±:L ]. □ 

Note that T(l — t$ 2 ) is an ideal in T. 

Lemma 12.3 The following is a basis for the F-vector space T(l — £q 2 ).' 

t k (l - tQ 2 )T[T°T* k G Z r, s, t G N. 

The following is a basis for a complement o/T(l — t^ 2 ) in T: 

t^T[T°T*, he {0,1} r,s,teK 

Proof: By Lemma 112.21 and the first assertion of Proposition 17.111 □ 

Proposition 12.4 The following is a basis for the F-vector space (A)YX(B)T(1 — tg 2 ): 

AYXBH^l -t 2 )T[T°T* fceZ i,j,r,s,teN. (79) 

The following is a basis for a complement of (A)YX(B)T(1 - t 2 ) in (A)YX(B)T: 

A?YXB j to k T[TZTi k G {0, 1} i,j, r,s,te N. 

Proof: Use Proposition II 1 .41 with v = YX. Evaluate this using Lemma [12.31 along with the 
fact that {A l }i(zN is a basis for (A) and {B l }i e N is a basis for (B). □ 

Corollary 12.5 The following is a basis for a complement of H q in H q : 

A l YXB% k T[T^ k G {0,1} i,j,r,s,t G N. 

Proof: This follows from the first assertion of Proposition \11.'3\ the definition of H q in line 
rSJ), and the last assertion of Proposition 112.41 □ 



Lemma 12.6 The following (i)-(iv) hold: 

(i) C G H q . 

(ii) AH q C H q . 
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(iii) H q B C H q . 



(iv) H q T C 77,. 



Proof: (i) From the column on the right in the table of Lemma 111.61 

(ii) , (iv) By line ([78]). 

(iii) By line (175]) . and since 77 commutes with everything in T. 



□ 



We are about to define an F-linear map : H q — > 77 g . To define we give its action on the 
four summands in ( 1751) . As we will see, the map acts on the first three summands as a 
scalar multiple of the identity. To give the action of on the fourth summand, we specify 
what does to the basis for this space given in (179]) . 

Definition 12.7 We define an F-linear map : H q — )■ H q such that both 
(i) acts as — q^ 1 times the identity on 



Note 12.8 The map is characterized as follows. Observe that : H q — > H q is the unique 
F-linear map that sends 

1 h-> -<T\ X i — y -q^X, Y m- -g^F, YX(1 - t^ 2 ) \-> C 
and satisfies the following for all h G H q : 

<f)(Ah) = A(f)(h), <f)(hB) = <f>(h)B, (j)(hu) = (f>(h)u (Vu G T). 
Lemma 12.9 We have 2 = g~ 2 l. Moreover (p is a bijection. 

Proof: The first assertion is routinely checked using the column on the right in the table of 
Lemma fl 1.61 along with Definition 1 12. 71 The second assertion is immediate from the first. □ 

Lemma 12.10 Referring to the sum in ( 175j) . for each summand U the image of U under 
is displayed in the table below. 



(A)(B)T + (A)X(B)T + (A)Y(B)T; 



(ii) for k G Z and i, j, r, s, t G N the map sends 



ATlF'^l - tQ 2 )T[T°Tl h-> A^BH^T^Tl 



(80) 
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image of [/ under 



(A)<S>T 

(A)y<B)T 

(A)71(5)T(l-t 2 ) 



(A)<fl)T 
(A)y<B)T 
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Proof: Use Definition 112.71 



□ 



Proposition 12.11 The following sum is direct: 

H q = (A) (B)T + (A)X(B)T + (A)Y(B)T + (A)C(B)T. (81) 

Moreover the following is a basis for the IF '-vector space (A)C (B)T : 

A^CBHqT^T^ keZ i,j,r,s,teN. (82) 

Proof: The first assertion is a consequence of Lemma 112.11 and Lemma 112.101 together with 
the fact that is a bijection. The second assertion follows from Definition |12.7( ii) and the 
fact that is a bijection. □ 



Proposition 12.12 The sum (174)1 is direct. 

Proof: The two summands in (1741) are included among the four summands in the direct sum 

m. □ 



Proposition 12.13 The following is a basis for the F '-vector space (A, B, C, T): 

A l C j B%TlT°Tt 3 €{0,1} IgZ i, k, r,s,te N. (83) 

Proof: The set of vectors (183j) consists of the basis for (A)(B)T from the table of Propo- 
sition dL3l together with the basis for (A)C(B)T from ( 1521 . The result follows in view of 
Proposition 112.121 □ 

Proof of Theorem \4 . 5\ By Theorem 12.201 the vectors (j5J) form a basis for A q . Applying ip to 
this basis, we obtain the following vectors in H q : 

A i C j B k Q i a r f3 s "/ t j G {0, 1} i, k, £, r,s,te N. 

These vectors are linearly independent by Lemma TIP .21 and since the vectors ( 1531 are linearly 
independent. Therefore ip is injective. □ 



13 The elements in H q that commute with to 

We have now proven the five theorems from Section 4. Recall that these theorems describe 
the map if} : A q — > H q . Our goal for the remainder of the paper is to obtain three extra 
results about H q ; these results help to illuminate ip and may be of independent interest. 
The first extra result concerns the subalgebra (A, B, C, T) of H q . This subalgebra was first 
mentioned at the end of Section 10, and a basis for it was given in Proposition 112.131 Our 
goal for the present section is to show that 

(A,B,C,T) = {heH q \t h = ht }. (84) 
We will be discussing the F-linear map H q — >■ H q , h i-)- t h — ht^ 1 . 
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Lemma 13.1 For v £ {1, X, Y,YX} the element t§v — ut 1 is given in the table below. 



V 


t u - ut 1 


1 


^0 — 


X 


Bt - T 3 


Y 


At ~ Tt 


YX 


q(Ct - T 2 ) + (AB - T^to 



Moreover 

{AB - T^to = A(Bt - T 3 ) + (At - - At (t - t^)T 3 . (85) 

Proof: The table is obtained using Lemma 15.101 Line (1551) is routinely checked. □ 

Lemma 13.2 Under the map h \— > toh — ht^ 1 the image of H q is 

(A)(t -t 1 )(B)T + (AKA-t^TJiB^ 
+ (A)(B-t^T 3 ){B)T + {A)(C-t Q l T 2 ){B)T. 

This image is contained in (A, B, C, T). 

Proof: The first assertion follows from Lemma 113.11 The last assertion follows from the first 
assertion. □ 

In (15Tj) we displayed a direct sum decomposition of H q . For each summand we now consider 
the corresponding projection map. 

Definition 13.3 For /i £ {1, X,Y,C} define an F-linear map P M : H q — >■ H q such that P M 
acts as the identity on (A)fi(B)T, and as on the other three summands in ( 15T1) . Thus P^ 
is the projection from H q onto (A)fi(B)T. For h £ H q we have 

P^Ah) = AP^h), P lt (hB) = P lt (h)B, P^hv) = P^h)v (VueT). (86) 

Moreover 

h = P 1 (h) + P x (h)+P Y (h)+P c (h). (87) 

For h £ H q we now consider how the projections P/i{h) are related to the projections Tr v (h) 
from Definition 111.51 

Lemma 13.4 Let h denote an element of H q , and write 

Pc(h) = AiCBjt ij Ui e T - 
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Then 



ix^h) = P 1 (h)+ ^A^CTjB^, (89) 

nx(h) = P x (h)+J2 A ^x(C)BH i:j , (90) 

7C Y (h) = Py(h)+Y, Ai MC)B j Uj, (91) 

ij'eN 

7r YX (h) = q- 1 J2 AlYXBH ^( 1 - t o 2 )- (92) 



Proof: We have both 



= TTi (/l) + 7T X (h) + 7Ty (h) + 7Ty X (A) , (93) 

h = P x {h) + P x (h)+P Y {h)+P c {h). (94) 

In ([94]) eliminate Pc{h) using (IHHl) . and evaluate the result using 

C = ^(C) + ir x (C) + 7r y (C) + vr yx (C). 

By Lemma [11.61 we have ttyx(C) = q~ 1 YX(l — 1 2 ). Subtracting f[94l) from ([93]) and using 
the above comments, we obtain 

= 7r 1 {h)-P 1 {h)-J2 Ai ^i(C)BH ij (95) 

+ ttxW - PxW - A ^x{C)BH l3 (96) 

+ n Y (h) - P Y (h) - Ai ^y{C)Bh i3 (97) 

+ KYx(h) - q- 1 ^YXBH^l - t 2 ). (98) 

The elements ([95]) . f[96|) . f[97|) . (1981 are contained in the subspaces 

(A) (B)T, (A)X(B)T, (A)Y(B)T, (A)YX(B)T 



respectively. The sum of these subspaces is direct, so each of ([95]) . (|9o]) . f]97j) . ( 198]) is zero. 
The result follows. □ 



Lemma 13.5 For h G H q the following are equivalent: 
(i) h e (A, B, C, T). 
(h) Mto-to 1 ) e (A-B,C,T). 
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Proof: (i) => (ii) Since t - t x G T. 

(ii) =>• (i) Observe by §ZB that fr(t - t x ) e Write 

Pc(/i(*o - to l )) = A i CBH i j tij e T. 

We first show that h G H q . Comparing f!74|) and flHTl) we find 

Px(h(t -t 1 )) = 0, Py{h(t - to ')) = 0. (99) 

By the equation on the right in (l76l) . 

7r„(/i(t - to 1 )) = ^(/i)(t - to 1 ) " e 

By this and Lemma 113. 4} 

n Y x(h)(t - to 1 ) = TT YX (h(t -to 1 )) 

= g- 1 ^^rx^^i-to 2 ). 

By this and Lemma 18.91 

KYx(h) = q- 1 J2 AYXBHyto 1 . (100) 
In order to show that h £ H q we show that to — to 1 divides ty for all z,j G N. Observe 

= A^yiQBHij by Lemma MM 

i,j£N 

= q' l J2 Ai ( Yt o lT s- YB ) Bjt ij byLemmaim 
= q- 1 A r YB s {t rs tv l T z - t r>s ^), 

where t r> _i = for r G N. From this we see that to — t^ 1 divides t rs to — t rjS _i for all 
r, s G N. By this and induction on s we find to — tg 1 divides t rs for all r, s G N. In other 
words, for all r, s G N there exists t' rs G T such that t rs = t' TS (to — to 1 )- Now using ( 11001) . 



o 2 ) 



ttyxQi) = q- 1 A'YXBH'^l - t 

G (A)YX{B)T(1 -t 2 ). 

By this and (17H|) we find ft, G By the equation on the right in ( 186|) and the equation on 
the left in (199|). 

Px(/i)(to - V ') = Px(h(t - to 1 )) = 0. 
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Therefore Px{h) = in view of Lemma [8.91 Similarly 

P Y (h)(t - t^ 1 ) = P Y (h(t - t^)) = 0, 

so P Y {h) = 0. Now 

h = P 1 {h) + P X (h) + Py(h) + P C (h) 

= P^ + Pdh) 

E (A){B)T+(A)C(B)T 

= (A,B,C,T). 

The result follows. □ 
Theorem 13.6 We have 

(A,B,C,T) = {h E H q | t h = ht }. (101) 

Proof: In (11 Oil) the inclusion C holds by Lemma \6. 41 and since {Tj}? =1 are central in H q . We 
now obtain the inclusion 13. Pick h E H q such that t^h = hto- We show h E (A, B, C, T). By 
assumption t h = ht so h(to — x ) = t h — ht^ . By Lemma 113.21 tnh — hip 1 E (A, B,C, T). 
By these comments h{t - to 1 ) E (A, B, C, T). By this and Lemma [123] h E (A, B, C, T). □ 



14 A presentation for the algebra (A, 5,(7, T) 

We continue to discuss the subalgebra (A, B,C,T) of H q . In this section we give a presen- 
tation for (A, B, C, T) by generators and relations. This presentation amounts to a g-analog 
of [131 Theorem 2.1] and a universal analog of (101 Corollary 6.3], [TH Theorem 5.1]. 

Theorem 14.1 The F-algebra (A, B,C, T) is presented by generators and relations in the 
following way. The generators are A, B, C, t^ 1 , {Tj}? =1 . The relations assert that each of 
t^ 1 , {Ti}i =1 is central and t to 1 = 1, £q — 1; 



qBC 




X CB 


a 


q 2 


- q 


-2 


q + q^ 1 


qCA 


-Q~ 


X AC 


P 


q 2 


- Q 


-2 


q + q' 1 


qAB 


-Q~ 


X BA 


7 



q 2 — q 2 q + q 1 ' 

q^ACB + q~ 2 A 2 + q~ 2 B 2 + q 2 C 2 - q^Aa - q^Bfi - qCj 
= (? + q" 1 ? - (q-\ + qto 1 ) 2 - T 2 - T 2 - T 2 - {q~% + qt^T^n, 

where 

a = (q'Ho + qto^n + ^Ts, 
= (q-Ho + qto^Ts + T^, 
7 = (q-Ho + qto^ + nn. 
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Proof: Let A q denote the F-algebra denned by generators A, B, C, t^ 1 , {Ti}f =1 and the 
above relations. Since these relations hold in H q there exists an F-algebra homomorphism 
A q —> H q that sends each generator A, B, C, t^, {Ti}f =1 of A q to the corresponding element 
in Hq. Under this homomorphism the image of A q is the subalgebra {A, B,C,T) of H q . We 
show that the homomorphism is injective. To this end, we claim that the following vectors 
span the F-vector space A q : 

A l C j BHqT[T%TI 3 €{0,1} £ G Z i, k, r,s,te N. (102) 

To prove the claim, note that the elements A,B,C of A q satisfy the defining relations for A q 
given in Definition 12.11 Therefore there exists an F-algebra homomorphism A q — > A q that 
sends each generator A,B,C of A q to the corresponding element in A q . In (|HJ) we displayed 
a basis for the F-vector space A g . When our homomorphism A q — > A q is applied to a vec- 
tor in this basis, the image is contained in the span of fll02j) . Therefore the span of (11021) 
contains the subalgebra of A q generated by A, B, C . By construction A q is generated by 
A, B,C, t^ 1 , {Ti}f =1 . By definition each element A, B,C of A q commutes with each element 
t x , {Tj}? =1 of A q . By construction the span of (I102p is closed under multiplication by each 
element t l , {Tj}? =1 of A q . By these comments the vectors (11021) span A q . The claim is 
proven. When we apply our homomorphism A q — > H q to the vectors fl 1 2 j) . we get the basis 
for (A, B, C, T) given in Proposition 112.131 Therefore the vectors (I102p form a basis for A q 
and our homomorphism A q — > H q is injective. The result follows. □ 



15 The center of H q 

In this section we describe the center Z(H q ). 

Recall that the {Ti} ie i are central in H q . We are going to show that {Ti} ie i generate Z(H q ), 
provided that q is not a root of unity. In this derivation we will repeatedly use the basis for 
H q given in Proposition 17.81 

Definition 15.1 Let K denote the 2-sided ideal of H q generated by {T{\ ie i. Thus 

K = Y J H q T l . (103) 

Lemma 15.2 The following is a basis for the ¥ -vector space K: 

Y 1 XHqTqTIT^TI i,j G Z k G {0, 1} 

£,r,s,teN (£,r,s,t) ^ (0,0,0,0). 

Proof: Use Proposition 17.81 □ 
Lemma 15.3 The following is a basis for a complement of K in H q : 

Y^hl ke{0, l}. (104) 
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Proof: Compare Proposition 17.81 and Lemma 115.21 



□ 



Definition 15.4 Let H q denote the quotient F-algebra H q = H q /K. Recall that the canon- 
ical map H q — > H q is a surjective F-algebra homomorphism with kernel K. For h G H q let 
h denote the image of h under this map. By construction Tj = for i G I. 

Lemma 15.5 The following is a basis for the F-vector space H q : 

Tx% i,j G Z k G {0, 1}. (105) 

Proof: Use Lemma [15.31 □ 



Lemma 15.6 Referring to Definition \5.12\ we have Ci = for i G I. 

Proof: By Proposition 15.141 and since Tj = for j G I. □ 



Lemma 15.7 The following relations hold in H q : 

XY=q 2 YX, t 2 = -l, (106) 

t X = X~ 1 t 0l t Y = Y~ 1 t . (107) 

Proof: The equation on the left in fl 1 6 [) follows from Definition 15.121 and Lemma 115.61 To 
get the equation on the right in f |106j) . apply the map h (->• h to each side of t% = t T — 1. 
To get the equations in (I107p . apply the map h M- h to each side of ffTBI) and ffTSl . □ 



Definition 15.8 We endow the set N 4 with a partial order < as follows. Let (no, rii, ri2, TI3) 
and (n' Q , n[, n' 2 , n' 3 ) denote elements of N 4 . Then (no, ni, ri2, n.3) < (n' Q , n[, n' 2 , n' 3 ) whenever 
Tli < n[ for < i < 3. 

We have some comments. Fix (£, r, s, t) G N 4 and define 

L = H q T^T{T s 2 T\. (108) 

Then L is a 2-sided ideal of H q with basis 

Y l XH\ Tq T[' T 2 T 3 i,j G Z G {0, 1} 

(£', r',s', t') G N 4 (£, r,s,t)< {£', r',s', t') . 

Observe that KL is a 2-sided ideal of H q with basis 

Y*XH k XT(T^Ti t,jeZ k G {0, 1} 

(f , /, s', f) G N 4 (£, r,s,t)< (£', r',s', f) . 
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Define 

R = H q T^ +1 + H q T[ +1 + H q T° +1 + H q T* +1 . (109) 
Then R is a 2-sided ideal of H q with basis 

Y^XHqTo'TiTzT^ i,jeZ he {0, 1} 

(f,r', S ',t')eN 4 (e',r',s',t')£(e,r,s,t). 

Comparing the above bases we find 

Lf] R = KL. (110) 

Theorem 15.9 Assume that q is not a root of unity. Then the F-algebra Z(H q ) is generated 
h {Ti} i& . 

Proof: Consider the subalgebra (T , Ti, T 2 , T 3 ) of H q . This subalgebra is contained in Z(H q ). 
We assume that the containment is proper, and obtain a contradiction. Pick 

heZ(H q ), ht(T ,T u T 2 ,T 3 ). (Ill) 

In view of Proposition 17.81 we write 

h= h ^s,tTft[T°Ti h e , r , 8>t e (F ±1 )(x ±1 ) + (r ±1 )(x ±1 )t . 

i,r,s,teH 

Define the set 

5(/i) = {(V,M)eN 4 h i>r>s>t ^0}. 

By construction the cardinality (S^/i)! is finite. Without loss of generality, we assume that 
h has been chosen such that is minimal subject to (jllip . Note that h ^ so S(h) 

is nonempty. There exists an element of S(h) that is not greater than any other element 
of S(h), with respect to the partial order < from Definition 115.81 Denote this element by 
(£,r,s,t). We will be discussing the corresponding ideals L, R of H q from (I108j) and f)109p . 
By construction 

h - hi, r ,s,atT[T^Tt E R. (112) 

Write 

ht, r ,s,t = Yl »H Yixj + Yl ^ Y ' XH o «u> N e F. (113) 

We take the commutator of (11121) with each of X, Y. We start with X. The ideal R contains 

Xh — hX — (Xht !r;S>t — hi ; r !Si tX)T TiT2T 3 . 
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By assumption h G Z(H q ) so Xh — hX = 0. Therefore R contains 

(Xh^t - h M X)TXT^. (114) 

The element (I114p is contained in L by (j!08p . By these comments and (IllOp . the element 
f lll4p is contained in KL. By Lemma [8.91 the map H q — >■ L, h i-> hT^T^T^T^ is a bijection. 
Under this map the image of X is KL. Therefore in line (I114p . the expression in parenthesis 
is contained in K . In other words, in the notation of Definition 115.41 

X hi iri s 7 t — hi jTjS> t X = 0. (115) 

Expanding (I115p using (I113P we obtain 

o = aij(xTx j - Tx j x) + Pij{xTx% - Tx%x). 

Simplifying this using Lemma 115.71 we obtain 

= ^TX 3+ \q 21 - 1) + E V* - TX j ~%). 

Adjusting the indices i,j in the above sums, 

= y'x'a^q 21 - 1) + J2 Y l X\{ho-rf l ~ 

By this and Lemma 115.51 we find 

a„_ 1 (g 2j -l) = iJeZ, (116) 

P i j- 1 4*-0 itj+1 = Q ijEZ. (117) 

Taking the commutator of (I112p with Y, we similarly obtain 



a 



l AqV-l) = i,jeZ, (118) 



ft-U - Pi+i tj q- 2j = ijEZ. (119) 

By (I116p . (I118P and since q is not a root of unity, 

a lJ= if (0,0) i,jeZ. 

By (I117p or (|119|) . and since finitely many of the /3y are nonzero, 

/% = o i,jeZ. 

Evaluating (11131) using these comments we obtain h^, r ^ S)t = ctoo G F. Define 

h' = h — hg t r i g t tT T[T£'l1i. 
We have two comments about fa'. First of all, 

h-ti e(T ,T u T 2 ,T 3 )CZ(H q ) 
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so 



h'eZ(H q ), h'?(T ,T u T 2 ,T 3 ). 

Second of all, S(h') is obtained from S(h) by deleting the element (£, r, s, i); therefore 
^(^Ol = 1^(^)1 — These two comments contradict the minimality of |5*(/;,)|. The re- 
sult follows. □ 



Corollary 15.10 Assume that q is not a root of unity. Then the following is a basis for the 
¥ -vector space Z(H q ): 

T*T[T°T* £, r,s,te N. (120) 

Proof: The vectors ( I120p span Z(H q ) by Theorem 115.91 The vectors ( I120p are linearly inde- 
pendent because they are included in the linearly independent set ( H6|) . □ 



Corollary 15.11 Assume that q is not a root of unity. Then there exists an isomorphism 
of F-algebras Z(H q ) — >■ F[A , Ai, A 2 , A3] that sends Ti 1— >■ Aj for < i < 3. 

Proof: Immediate from Corollary 115.101 □ 
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